Abstract. The problem of the reconstruction of a measurable plane set from two projections is considered when the directions of the projections are arbitrary. Via a suitable &e transformation. the problem can be reduced to the solved c a e of orthogonal projections. The result can also be applied for unknown directions. It is proved that merely a howledge of the projections (i.e. without their directions) is not enough for the unique reconstruction of a set. However, from two given functions it is possible to decide whether they can determine a set from some directions bniquely, and the corresponding directions of the projections are also computable.
Introduction
Let G be a measurable plane set having a finite measure. The horizontal/vertical projections of G are defined by the integral values of its characteristic function along each horizontal/vertical straight line, respectively.
On the bases of these projections, such sets can be divided into one or other of the following two classes. The class of unique sets contains the measurable plane sets that are uniquely determined (up to a set of measure zero) by the two projections. Otherwise, the sets belong in the class of non-unique sets.
Accordingly, a function pair is unique/non-unique if the functions are equal to the projections of a uniquelnon-unique set almost everywhere (in brief a.e.). Finally, a function pair is inconsistent if there is no measurable plane set that has projections equal to the function pair a.e. This paper deals with the reconstruction of measurable plane sets from two projections taken in arbitrary directions. Without loss of generality, it can be supposed that the first direction is the horizontal one and the direction of the other projection is arbitrary. The problem of non-orthogonal directions can be solved easily by using a suitable affine transformation and the results known in the case of orthogonal projections, Furthermore, this derived general formula can be applied for projections taken in unknown directions. We are looking for an answer to the following question:
A Kuba
Is it possible to reconstruct a set from two given projections if the directions are not known? (A similar problem is discussed for functions in [5].)
The' results show that the second direction is not uniquely determinable, because each direction which is fairly close to the horizontal direction (depending on the given functions) is suitable as the direction of the second projection of a non-unique projection pair. However, depending on the given functions, there may be at most two second directions, which are horizontally symmetric, such that the functions are a unique projection pair and these directions are computable.
Projections from arbitrary directions
Let the characteristic function of the measurable plane set C he denoted by g(x, y). In order t o define a projection from an arbitrary direction, we introduce x' and y' as the coordinates of the coordinate system rotated by a:
x' = x . COS@ + y . s i n a y' = -2. s i n a + y. cos0
Then, the projection of G in direction y', Py,G, is defined as Specially, the horazonlal and vertical projections of G are Consider now the problem of reconstruction from two projections taken in arbitrary directions. Without loss of generality, we can suppose that the horizontal projection P,G and the projection of G in direction y', Py.G, are given.
Analogously to the c a e of orthogonal projections, G is said to be unique with respect to directions x and y' (in brief unique w.1.t.d. z and y') if G is the only measurable set (up to a set of measure zero) that has the given projections taken in directions z and y'. Otherwise, G is non-unique.
Accordingly, a function pair is unique/non-unique w.r. 
Characterization of projections
On the basis of theorems relating to the characterization of orthogonal projections [3, theorem 3.11 and the relations derived in section 2, the characterization of projections taken from directions x and ?/ can be given by:
Theorem 3.1. Let g, and gY, be non-negative integrable functions having the same finit,r inkgral values. T h e functions g, and g, , are: 
Reconstruction from two projections taken in unknown directions
Suppose that two functions, g, and g,,. are given. We would like to find a measurable plane set and two directions such that the projections of the set from these two directions are equal to the given functions a.e. The first direction can be the horizontal one, and to determine the second direction d = -x . sin a f y . cos a (or equivalently: a)
we can apply the following: We conclude by raising two questions connected with the problem of reconstruction from unknown directions.
